Abstract. In this paper, we study holomorphic approximation using boundary value problems for ∂ on an annulus in the Hilbert space setting. The associated boundary conditions for ∂ are the mixed boundary problems on an annulus. We characterize pseudoconvexity and Runge type property of the domain by the vanishing of related L 2 cohomology groups.
one Hilbert space to another and
Let D be a domain in X and O(D) denote the space of holomorphic functions in D and W 1 (D) be the Sobolev 1-space on D. The following theorem is proved in Theorems 2.2 and 2.4 in [16] .
Theorem 0.1. Assume X is Stein and both Ω 1 and Ω 2 are pseudoconvex with C 1,1 boundary then, for any 2 ≤ q ≤ n and q = 0, H 0,q ∂ mix (Ω) = 0. When q = 1, we have
Moreover, H 0,1 ∂ mix
(Ω) is infinite dimensional (see [16] ). In fact, it is even non-Hausdorff (see section 5 in [3] ). The non-Hausdorff property of the quotient group is equivalent to that the space O(Ω 1 ) ∩ L 2 (Ω 1 ) is not a closed subspace in O(Ω 2 ) ∩ W 1 (Ω 2 ) under the W 1 (Ω 2 ) norm (see Proposition 4.5 in [22] ).
Instead of considering the non-Hausdorff cohomology group H 
where (Ω) is directly related to holomorphic approximation. This simple observation motivates the present paper. However, the L 2 condition on the holomorphic functions near the boundary of Ω 1 is of no interest in holomorphic approximation. We avoid the growth condition and reformulate another ∂ problem with mixed boundary conditions which is more suitable for holomorphic approximation.
We consider the more general situation: let D be a relatively compact domain in a complex hermitian manifold X, For 0 ≤ p, q ≤ n, we define a new operator
, where ∂u is taken in the sense of currents. Then we set ∂ Mix f = ∂f in the sense of currents. Compare to the ∂ mix operator, we do not assume any growth condition at infinity of X. The plan of the paper is as follows: In the first section, we formulate a new mixed boundary conditions of ∂, denoted by ∂ Mix , which is associated naturally with holomorphic approximation. We prove a theorem (see Theorem 1.2) analogous to Theorem 0.1.
In the second section, we introduce the transposed operator t ∂ Mix to ∂ Mix defined on (L 2 loc ) n−p,n−q−1 (X \ D), whose domain is the u ∈ L 2 n−p,n−q−1 (X \ D) and u is vanishing outside a compact subset of X such that ∂u ∈ L 2 n−p,n−q (X \ D), where ∂u is taken in the sense of currents,. We prove the following characterization of approximation of ∂-closed forms using a version of the Serre duality.
Theorem 0.2. Let X be a Stein manifold of complex dimension n ≥ 2, D ⊂⊂ X a relatively compact pseudoconvex domain in X with Lipschitz boundary. Let q be a fixed integer such that 0 ≤ q ≤ n − 1. Then, for any 0 ≤ p ≤ n, the following assertions are equivalent.
(1) The space of W 1 loc ∂-closed (p, q)-forms on X is dense in the space
Finally, we obtain the following characterization of a pseudoconvex domain satisfying some Runge type property (see Corollary 2.5).
Theorem 0.3. Let X be a Stein manifold of complex dimension n ≥ 2 and D ⊂⊂ X a relatively compact domain in X with C 1,1 boundary such that X \ D is connected. Then the following assertions are equivalent:
(1) the domain D is pseudoconvex and the space O(X) is dense in the space
From (1) and (3) in Theorem 0.3, we see that the vanishing of the cohomology groups H n,q t ∂ Mix (X \ D) for all 1 ≤ q ≤ n − 1 characterizes pseudoconvexity and a Runge type property of D. This is in contrast to earlier results using cohomology groups on X \ D to characterize holomorphic convexity (see Trapani [21] ). It is proved in [21] that the vanishing of the Dolbeault cohomology groups H n,q (X \ D) for 1 ≤ q ≤ n − 2 and the Hausdorff property for q = n − 1 characterizes the holomorphic convexity of D. More recently, it is proved in Fu-Laurent-Shaw [6] that the vanishing of the L 2 Dolbeault cohomology groups H n,q L 2 (X \ D) for 1 ≤ q ≤ n − 2 and the Hausdorff property for q = n − 1 characterizes pseudoconvexity of D (see [6] ). Thus different cohomology groups characterize different holomorphic property of the domain D. Our results show that ∂ Mix and its transpose t ∂ Mix are naturally associated with holomorphic approximation.
1. W 1 -Mergelyan domains and L 2 theory for ∂ with mixed boundary conditions Let X be a complex hermitian manifold X of complex dimension n, where n ≥ 2. 
We would like to characterize domains which are W 1 -Mergelyan in X by means of some adapted mixed boundary value problem for the ∂-operator. Let L 2 loc (X) be the space of L 2 loc functions in X endowed with the Fréchet topology of L 2 convergence on compact subsets, and L 2 c (X) the space of L 2 functions with compact support in X with the inductive limit topology. These two spaces are dual of each other (see [17] or [13] ). We use (L 2 c ) p,q (X) to denote the space of (p, q)-forms with L 2 c (X) coefficients. For 0 ≤ p, q ≤ n, we define the densely defined operator
. Let D be a relatively compact domain with Lipschitz boundary in a complex manifold X. We are interested in the study in the L 2 setting of some operators ∂ Mix on X \ D such that ∂ K ⊆ ∂ Mix ⊆ ∂ loc , where ∂ K and ∂ loc are the previously defined operators. The domain of ∂ Mix is defined as follows:
, where ∂u is taken in the sense of currents.
Then we set ∂ Mix f = ∂f in the sense of currents. The transposed operator t ∂ Mix is then an operator whose domain is given by the set of all
, where ∂u is taken in the sense of currents, and u is vanishing outside a compact subset of X.
, which are dual complexes since the boundary of D is Lipschitz (see [14] ). We denote by H
respectively. We endow the cohomology groups with quotient topology. Then it follows from Serre duality [17] 
Theorem 1.2. Let X be a Stein manifold of complex dimension n ≥ 2 with a hermitian metric and D a relatively compact pseudoconvex domain with C 1,1 boundary in X. Then, for any 0 ≤ p ≤ n, we have Since q > 1 and D is a relatively compact pseudoconvex domain with C 1,1 boundary, it follows from [7] or Theorem 2.2 in [3] (see also [11] for smooth boundary) that there exists w ∈ W 1 p,q−2 (D) such that ∂w = v in D. Let w be a W 1 loc extension of w to X. We set u = v − ∂ w. Then u is in (L 2 loc ) p,q−1 (X), u vanishes on D and satisfies ∂u = f . This proves (1).
We now consider the case when q = 1. For any f ∈ H p,0
. This is possible since the boundary of D is
We define a map
Thus the map l is well-defined and it is continuous if H
is endowed with the quotient topology.
We will show that the kernel of the map l is H p,0 (X). Let f ∈ H p,0
Then F is holomorphic in X and F = f on D. Thus l(f ) = 0 implies that f can be extended as a holomorphic (p, 0)-form in X.
Next we prove that l is surjective. Let f ∈ (L 2 loc ) p,1 (X)∩ ker(∂ Mix ), then f = 0 in D and ∂f = 0 in X. Since X is a Stein manifold, using Dolbeault isomorphism and the interior regularity of the ∂ operator, there exists a (p, 0)-
Finally we get the topological isomorphism
if we endow the quotient space H p,0 W 1 (D)/H p,0 (X) with the quotient topology.
Using the same arguments as in [16] and [3] , one has that
is infinite dimensional and non-Hausdorff.
We note that the non-Hausdorff property of the quotient space H 
where H p,0 (X) is the closure of the space H p,0 (X) under the W 1 (D)-norm. Corollary 1.5. Assume X is a Stein manifold of complex dimension n ≥ 2 and D a relatively compact pseudoconvex domain with
Proof. From (2) in Theorem 1.2 and (1.2), we have
It follows from Serre duality and
2. The W 1 q-Mergelyan density property
In this section we extend the approximation results to arbitrary (p, q)-forms. 
For p = q = 0, we will simply say that the domain is W 1 -Mergelyan in X.
If D ⊂⊂ X is a relatively compact domain with Lipschitz boundary in X, we denote by H 
Conversely, by the Hahn-Banach theorem, it is sufficient to prove that, for any form
Hausdorff, the hypothesis on T implies that there exists a W −1 (n − p, n − q − 1)-current S with compact support in X such that T = ∂S. The injectivity of the natural map H n−p,n−q D,W −1 (X) → H n−p,n−q c (X) implies that there exists a W −1 (n − p, n − q − 1)-current U with compact support in D such that T = ∂U . Hence since the boundary of D is Lipschitz, for any g ∈ Z p,q W 1 (D), we get < T, g >=< ∂U, g >= ± < U, ∂g >= 0. Proposition 2.3. Let X be a non compact complex manifold of complex dimension n ≥ 2, D ⊂⊂ X a relatively compact domain in X with Lipscitz boundary and q a fixed integer such that 0 ≤ q ≤ n − 2. Assume that, for some 0 ≤ p ≤ n, H n−p,n−q−1 (X) and compactly supported such that T = ∂g. Since the support of T is contained in D, we have ∂g = 0 on X \D. Therefore the vanishing of the group H n−p,n−q−1 t ∂ Mix (X \D) implies that there exists u ∈ L 2 n−p,n−q−2 (X \D) vanishing outside a compact subset of X and such that ∂u = g on X \ D. Since the boundary of D is Lipschitz there exists u a L 2 extension of u to X, we set S = g − ∂ u, then S ∈ W −1 (X) satisfies T = ∂S and supp S ⊂ D.
Conversely, let g be a ∂-closed (n−p, n−q−1)-form in L 2 n−p,n−q−1 (X \D) which vanishes outside a compact subset of X and g an L 2 extension of g to X, then g has compact support in X and T = ∂ g is a current in W n−p,n−q−1 (X) with support contained in D and such that ∂S = T . We set U = g − S. Then U is a W −1 ∂-closed (n − p, n − q − 1)-current with compact support in X such that U | X\D = g in X \D. Since H n−p,n−q−1 c (X) = 0, by the interior regularity property of the ∂-operator and the Dolbeault isomorphism, we have U = ∂w for some w ∈ L 2 n−p,n−q−2 (X) with compact support in X. Finally we get g = U | X\D = ∂(w | X\D ).
Corollary 2.4. Let X be a Stein hermitian manifold of complex dimension n ≥ 2 and D ⊂⊂ X a relatively compact pseudoconvex domain with C 1,1 boundary in X. Then the following assertions are equivalent:
Proof. Since X is Stein, we have H Finally using the characterization of pseudoconvexity by mean of W 1 cohomology and Serre duality, we can prove the following corollary.
Corollary 2.5. Let X be a Stein hermitian manifold of complex dimension n ≥ 2 and D ⊂⊂ X a relatively compact domain in X with C 1,1 boundary such that X\D is connected. Then the following assertions are equivalent:
(i) the domain D is pseudoconvex and W 1 -Mergelyan in X;
(ii) H n,r D,W −1 (X) = 0, for 2 ≤ r ≤ n − 1, and the natural map H n,n
Proof. We first notice that a domain D with C 1,1 boundary is pseudoconvex if and only if H 0,q
This follows from [7] or Theorem 2. Let T be a W −1 (n, n)-current with support in D such that < T, ϕ >= 0 for any W 1 holomorphic function ϕ on D. In particular < T, ϕ >= 0 for any holomorphic function ϕ on X and X being Stein, H 
